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Аɧɨɬаɰіɹ. Ɂ ɦɟɬɨɸ ɩɨɞɚɥɶɲɨʀ ɪɨɡɪɨɛɤɢ ɫɢɫɬɟɦɢ ɤɟɪɭɜɚɧɧɹ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ ɜɫɬɚɧɨɜɥɟɧɨ 
ɡɚɥɟɠɧɨɫɬɿ ɦɿɠ ɭɡɚɝɚɥɶɧɟɧɢɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɣɨɝɨ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɬɚ ɤɨɨɪɞɢɧɚɬɚɦɢ 
ɩɨɥɨɠɟɧɧɹ ɪɨɛɨɱɨɝɨ ɨɪɝɚɧɚ, ɹɤɢɦ ɜɢɤɨɧɭєɬɶɫɹ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚɠɭ. Ⱦɨɫɥɿɞɠɟɧɨ ɤɿɧɟɦɚɬɢɤɭ 
ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ. 
 

Клɸɱɨві ɫлɨва: ɦɚɧɿɩɭɥɹɰɿɣɧɚ ɫɢɫɬɟɦɚ, ɛɭɞɿɜɟɥɶɧɢɣ ɪɨɛɨɬ, ɤɿɧɟɦɚɬɢɤɚ ɪɭɯɭ. 
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Аɧɧɨɬаɰиɹ. ɋ ɰɟɥɶɸ ɞɚɥɶɧɟɣɲɟɣ ɪɚɡɪɚɛɨɬɤɢ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɫɬɪɨɢɬɟɥɶɧɨɝɨ ɪɨɛɨɬɚ 
ɭɫɬɚɧɨɜɥɟɧɵ ɡɚɜɢɫɢɦɨɫɬɢ ɦɟɠɞɭ ɨɛɨɛɳɟɧɧɵɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɟɝɨ ɦɚɧɢɩɭɥɹɰɢɨɧɧɨɣ ɫɢɫɬɟɦɵ 

ɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɩɨɥɨɠɟɧɢɹ ɪɚɛɨɱɟɝɨ ɨɪɝɚɧɚ, ɤɨɬɨɪɵɦ ɜɵɩɨɥɧɹɟɬɫɹ ɩɟɪɟɦɟɳɟɧɢɟ ɝɪɭɡɚ. ɂɫ-
ɫɥɟɞɨɜɚɧɚ ɤɢɧɟɦɚɬɢɤɚ ɦɚɧɢɩɭɥɹɰɢɨɧɧɨɣ ɫɢɫɬɟɦɵ ɫɬɪɨɢɬɟɥɶɧɨɝɨ ɪɨɛɨɬɚ. 
 

Клɸɱевые ɫлɨва: ɦɚɧɢɩɭɥɹɰɢɨɧɧɚɹ ɫɢɫɬɟɦɚ, ɫɬɪɨɢɬɟɥɶɧɵɣ ɪɨɛɨɬ, ɤɢɧɟɦɚɬɢɤɚ ɞɜɢɠɟɧɢɹ. 
 

KINEMATIC ANALYSIS OF MANIPULATION SYSTEMS  

OF CONSTRUCTION ROBOTS  
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Abstract. In order to further develop construction-robot control systems, dependencies between gen-

eralized coordinates of its manipulation system and the position coordinates of the working tool for 

carrying loads have been ascertained. Construction-robot manipulation system kinematics has been 

explored. 
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ȼ ɭɦɨɜɚɯ ɪɨɡɜɢɬɤɭ ɟɧɟɪɝɨєɦɧɨɝɨ ɬɚ ɤɨɧɤɭɪɟ-
ɧɬɧɨɫɩɪɨɦɨɠɧɨɝɨ ɛɭɞɿɜɧɢɰɬɜɚ ɜɢɧɢɤɥɚ ɧɟ-
ɨɛɯɿɞɧɿɫɬɶ ɫɬɜɨɪɟɧɧɹ ɛɭɞɿɜɟɥɶɧɢɯ ɪɨɛɨɬɿɜ 
[1]. Ɋɨɡɪɨɛɤɚ ɤɨɧɫɬɪɭɤɰɿʀ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨ-
ɬɚ ɞɥɹ ɫɭɱɚɫɧɢɯ ɩɨɬɪɟɛ ɛɭɞɿɜɧɢɰɬɜɚ є ɚɤɬɭɚ-
ɥɶɧɨɸ ɡɚɞɚɱɟɸ. ȼɚɠɥɢɜɢɦ ɧɚɩɪɹɦɨɦ ɞɨɫɥɿ-
ɞɠɟɧɧɹ ɜ ɛɭɞɿɜɟɥɶɧɿɣ ɪɨɛɨɬɨɬɟɯɧɿɰɿ є 
ɪɨɡɪɨɛɤɚ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶ-
ɧɨɝɨ ɪɨɛɨɬɚ ɬɚ ɫɢɫɬɟɦɢ ɣɨɝɨ ɤɟɪɭɜɚɧɧɹ. 

  

 

ȼɿɞɨɦɿ ɞɨɫɥɿɞɠɟɧɧɹ [2], ɩɪɢɫɜɹɱɟɧɿ ɩɨɛɭɞɨɜɿ 
ɫɢɫɬɟɦɢ ɤɟɪɭɜɚɧɧɹ ɦɚɧɿɩɭɥɹɰɿɣɧɨɸ ɫɢɫɬɟ-
ɦɨɸ ɧɚ ɨɫɧɨɜɿ ɨɩɬɢɦɿɡɚɰɿʀ ɪɟɠɢɦɿɜ ɪɭɯɭ ɩɪɢ-

ɜɿɞɧɢɯ ɥɚɧɨɤ ɲɥɹɯɨɦ ɦɿɧɿɦɿɡɚɰɿʀ ɫɟɪɟɞɧɿɯ 
ɡɧɚɱɟɧɶ ɟɧɟɪɝɨɜɢɬɪɚɬ ɬɚ ɞɢɧɚɦɿɱɧɢɯ ɩɨɤɚɡ-
ɧɢɤɿɜ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ. ɉɪɨɬɟ ɜ ɬɚɤɢɯ 

ɞɨɫɥɿɞɠɟɧɧɹɯ ɧɟ ɪɨɡɝɥɹɞɚɸɬɶɫɹ ɡɚɞɚɱɿ ɩɨɡɢ-

ɰɿɨɧɭɜɚɧɧɹ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɬɚ ɜɫɬɚ-
ɧɨɜɥɟɧɧɹ ɡɚɥɟɠɧɨɫɬɟɣ ɡɦɿɧɢ ɭɡɚɝɚɥɶɧɟɧɢɯ  
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ɤɨɨɪɞɢɧɚɬ ɜɿɞ ɯɚɪɚɤɬɟɪɭ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚ-
ɠɭ (ɜɚɧɬɚɠɨɡɚɯɨɩɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ). 

Ⱦɥɹ ɜɫɬɚɧɨɜɥɟɧɧɹ ɩɨɞɿɛɧɢɯ ɡɚɥɟɠɧɨɫɬɟɣ ɧɟ-
ɨɛɯɿɞɧɨ ɪɨɡɜ’ɹɡɚɬɢ ɪɹɞ ɡɚɞɚɱ, ɩɨɜ’ɹɡɚɧɢɯ ɿɡ 
ɝɟɨɦɟɬɪɢɱɧɢɦɢ ɜɥɚɫɬɢɜɨɫɬɹɦɢ ɦɚɧɿɩɭɥɹɰɿɣ-

ɧɢɯ ɫɢɫɬɟɦ. Ɂɚɞɚɱɿ ɤɿɧɟɦɚɬɢɱɧɨɝɨ ɞɨɫɥɿ-
ɞɠɟɧɧɹ ɦɚɧɿɩɭɥɹɬɨɪɿɜ ɛɭɞɿɜɟɥɶɧɢɯ ɪɨɛɨɬɿɜ є 
ɜɚɠɥɢɜɢɦɢ ɬɚ ɧɟɨɛɯɿɞɧɢɦɢ ɩɪɢ ɩɨɞɚɥɶɲɿɣ 

ɩɨɛɭɞɨɜɿ ɫɢɫɬɟɦ ʀɯɧɶɨɝɨ ɤɟɪɭɜɚɧɧɹ ɣ ɜɢɜɱɟɧ-

ɧɹ ɝɟɨɦɟɬɪɢɱɧɢɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ. 
 

ɍ ɪɨɛɨɬɚɯ Ʉɨɛɪɢɧɫɶɤɨɝɨ Ⱥ.Ⱥ. ɬɚ Ʉɨɛɪɢɧɫɶ-
ɤɨɝɨ Ⱥ. ȿ. [3] ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɪɹɞ ɩɿɞɯɨɞɿɜ ɞɥɹ 
ɞɨɫɥɿɞɠɟɧɧɹ ɤɿɧɟɦɚɬɢɤɢ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫ-
ɬɟɦɢ ɪɨɛɨɬɚ, ɩɪɨɬɟ ɪɟɡɭɥɶɬɚɬɢ ɰɢɯ ɞɨɫɥɿ-
ɞɠɟɧɶ є ɫɤɥɚɞɧɢɦɢ ɞɥɹ ɩɪɚɤɬɢɱɧɨɝɨ ɡɚɫɬɨɫɭ-
ɜɚɧɧɹ. 
 

ɍ ɪɹɞɿ ɪɨɛɿɬ [4, 5] ɪɨɡɝɥɹɧɭɬɨ ɦɟɬɨɞɢ 

ɪɨɡɜ’ɹɡɤɭ ɩɪɹɦɢɯ ɝɟɨɦɟɬɪɢɱɧɢɯ ɡɚɞɚɱ ɩɨɡɢ-

ɰɿɨɧɭɜɚɧɧɹ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ, ɩɪɨɬɟ 
ɡɜɨɪɨɬɧɭ ɝɟɨɦɟɬɪɢɱɧɭ ɡɚɞɚɱɭ ɜ ɬɚɤɢɯ ɞɨɫɥɿ-
ɞɠɟɧɧɹɯ ɩɨɜɧɿɫɬɸ ɧɟ ɪɨɡɤɪɢɬɨ. 
 

    

 

Ɇɟɬɨɸ ɞɚɧɨʀ ɫɬɚɬɬɿ є ɜɫɬɚɧɨɜɥɟɧɧɹ ɯɚɪɚɤɬɟɪɭ 
ɡɦɿɧɢ ɭɡɚɝɚɥɶɧɟɧɢɯ ɤɨɨɪɞɢɧɚɬ ɦɚɧɿɩɭɥɹɬɨɪɚ 
ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ ɡɚɥɟɠɧɨ ɜɿɞ ɩɨɥɨɠɟɧɧɹ 
ɜɚɧɬɚɠɭ ɬɚ ɞɨɫɥɿɞɠɟɧɧɹ ɤɿɧɟɦɚɬɢɤɢ ɦɚɧɿɩɭ-
ɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ.  
 

   

 

Ɋɨɡɝɥɹɧɭɬɨ ɦɚɧɿɩɭɥɹɰɿɣɧɭ ɫɢɫɬɟɦɭ ɛɭɞɿɜɟɥɶ-
ɧɨɝɨ ɪɨɛɨɬɚ, ɳɨ ɫɤɥɚɞɚєɬɶɫɹ ɡ ɩɿɞɣɨɦɧɨʀ 
ɫɬɪɿɥɢ 1, ɩɨɜɨɪɨɬɧɨʀ ɫɬɪɿɥɢ 2 ɬɚ ɜɢɫɭɜɧɨʀ 
ɫɬɪɿɥɢ 3. Ⱦɨɫɥɿɞɠɭєɬɶɫɹ ɡɦɿɧɚ ɜɢɥɶɨɬɭ ɞɚɧɨʀ 
ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɭ ɜɟɪɬɢɤɚɥɶɧɿɣ ɩɥɨ-
ɳɢɧɿ. Ɍɚɤɚ ɫɢɫɬɟɦɚ ɦɚє ɬɪɢ ɫɬɭɩɟɧɿ ɪɭɯɨɦɨɫ-
ɬɿ ɭ ɜɟɪɬɢɤɚɥɶɧɿɣ ɩɥɨɳɢɧɿ – ɞɜɿ ɤɭɬɨɜɿ (α,ȕ) 

ɬɚ ɨɞɧɭ ɥɿɧɿɣɧɭ ( 3q ). 

 

 
Ɋɢɫ. 1. Ʉɿɧɟɦɚɬɢɱɧɚ ɫɯɟɦɚ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ 

ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ 

ȼɢɡɧɚɱɟɧɨ ɚɧɚɥɿɬɢɱɧɿ ɡɚɥɟɠɧɨɫɬɿ ɝɟɨɦɟɬɪɢɱ-
ɧɨɝɨ ɩɨɥɨɠɟɧɧɹ ɬɨɱɤɢ ɩɿɞɜɿɫɭ ɜɚɧɬɚɠɨɡɚɯɨɩ-

ɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭɥɹɬɨɪɚ 
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ɞɟ 1l , 2l  – ɜɿɞɩɨɜɿɞɧɨ ɞɨɜɠɢɧɢ ɩɿɞɣɨɦɧɨʀ ɬɚ 
ɩɨɜɨɪɨɬɧɨʀ ɫɬɪɿɥ. 
 

ȼɪɚɯɨɜɭɸɱɢ ɡɚɥɟɠɧɨɫɬɿ (1) ɬɚ (2), ɜɿɞɦɿɬɢɦɨ, 
ɳɨ ɧɚ ɤɨɨɪɞɢɧɚɬɢ ɩɨɥɨɠɟɧɧɹ ɬɨɱɤɢ ɩɿɞɜɿɫɭ 
ɜɚɧɬɚɠɨɡɚɯɨɩɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭ-
ɥɹɬɨɪɚ ɧɚɤɥɚɞɟɧɨ ɨɛɦɟɠɟɧɧɹ. ɉɨɛɭɞɭєɦɨ 
ɝɪɚɧɢɰɸ ɪɨɛɨɱɨɝɨ ɩɪɨɫɬɨɪɭ ɦɚɧɿɩɭɥɹɬɨɪɚ 
ɞɥɹ ɜɢɹɜɥɟɧɧɹ ɩɨɞɿɛɧɢɯ ɨɛɦɟɠɟɧɶ. Ⱦɥɹ ɚɧɚ-
ɥɿɬɢɱɧɨɝɨ ɜɢɡɧɚɱɟɧɧɹ ɝɪɚɧɢɱɧɨɝɨ ɡɧɚɱɟɧɧɹ 
ɭɡɚɝɚɥɶɧɟɧɢɯ ɤɨɨɪɞɢɧɚɬ ɜɢɤɨɪɢɫɬɚɧɨ ɡɚɥɟɠ-

ɧɿɫɬɶ [3] 

 

04444 








 yxyx
.  (3) 

 

Ɂ ɨɬɪɢɦɚɧɨɝɨ ɜɢɪɚɡɭ ɜɢɩɥɢɜɚє, ɳɨ ɤɨɨɪɞɢɧɚ-
ɬɚ   ɦɨɠɟ ɧɚɛɭɜɚɬɢ ɛɭɞɶ-ɹɤɨɝɨ ɡɧɚɱɟɧɧɹ, ɚ 
ɤɨɨɪɞɢɧɚɬɚ   ɧɚ ɝɪɚɧɢɰɿ ɪɨɛɨɱɨɝɨ ɩɪɨɫɬɨɪɭ 
ɧɚɛɭɜɚє ɡɧɚɱɟɧɧɹ n 0 , ɞɟ n – ɛɭɞɶ-ɹɤɟ 
ɰɿɥɟ ɱɢɫɥɨ.  
 

Ɉɛɦɟɠɭɸɱɢ ɤɨɨɪɞɢɧɚɬɢ   ɬɚ   ɝɪɚɧɢɱɧɢɦɢ 

ɡɧɚɱɟɧɧɹɦɢ max0  , 0  ɬɚ ɜɡɹɜɲɢ 

3q =0, ɩɨɛɭɞɨɜɚɧɨ ɪɨɛɨɱɿ ɡɨɧɢ ɞɨɫɥɿɞɠɭɜɚɧɨʀ 
ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɞɥɹ ɜɟɪɬɢɤɚɥɶɧɨʀ 
ɩɥɨɳɢɧɢ ɡɦɿɧɢ ɜɢɥɶɨɬɭ (ɪɢɫ. 2). 

 

ɇɚɜɟɞɟɧɿ ɪɨɛɨɱɿ ɡɨɧɢ ɨɛɦɟɠɭɸɬɶɫɹ ɝɪɚɧɢɰɹ-
ɦɢ ɭ ɜɢɝɥɹɞɿ ɞɭɝ ɿɡ ɪɚɞɿɭɫɚɦɢ 

 

211 llr  , 22 lr  , 

 

23 lr  , 214 llr  . 

 

Ɂɿɫɬɚɜɥɹɸɱɢ ɧɚɜɟɞɟɧɿ ɪɨɛɨɱɿ ɡɨɧɢ ɦɚɧɿɩɭɥɹ-
ɬɨɪɚ ɧɚ ɨɞɧɿɣ ɫɢɫɬɟɦɿ ɤɨɨɪɞɢɧɚɬ, ɜɿɞɦɿɬɢɦɨ, 
ɳɨ ɡɚ ɭɦɨɜɢ, ɤɨɥɢ 21 ll  , ɡɜɭɠɭєɬɶɫɹ ɦɟɠɚ 
ɪɨɛɨɱɨʀ ɡɨɧɢ ɩɨɪɿɜɧɹɧɨ ɡ ɜɢɩɚɞɤɨɦ, ɤɨɥɢ 

21 ll   ɬɚ ɪɨɡɲɢɪɸєɬɶɫɹ ɩɥɨɳɚ ɪɨɛɨɱɨʀ ɡɨɧɢ 

ɜɚɧɬɚɠɨɡɚɯɨɩɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭ-
ɥɹɬɨɪɚ ɜ ɩɟɪɲɿɣ ɱɜɟɪɬɿ ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ 
(ɪɢɫ. 3). 
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ɛ 

 
ɜ 

Ɋɢɫ. 2. Ƚɪɚɮɿɱɧɟ ɩɨɞɚɧɧɹ ɪɨɛɨɱɢɯ ɡɨɧ ɦɚɧɿ-
ɩɭɥɹɬɨɪɚ ɡ ɞɜɨɦɚ ɪɭɯɨɦɢɦɢ ɥɚɧɤɚɦɢ ɭ 

ɜɟɪɬɢɤɚɥɶɧɿɣ ɩɥɨɳɢɧɿ: ɚ – ɪɨɛɨɱɚ ɡɨɧɚ 
ɦɚɧɿɩɭɥɹɬɨɪɚ ɩɪɢ 21 ll  ; ɛ – ɪɨɛɨɱɚ ɡɨ-
ɧɚ ɦɚɧɿɩɭɥɹɬɨɪɚ ɩɪɢ 21 ll  ; ɜ – ɪɨɛɨɱɚ 
ɡɨɧɚ ɦɚɧɿɩɭɥɹɬɨɪɚ ɩɪɢ 21 ll   

 
 

Ɋɢɫ. 3. Ɂɿɫɬɚɜɥɟɧɧɹ ɪɨɛɨɱɢɯ ɡɨɧ ɦɚɧɿɩɭɥɹɬɨ-
ɪɚ: 1 – ɩɪɢ 21 ll  ; 2 – ɩɪɢ 21 ll  ; 3 – ɩɪɢ 

21 ll   

 

Ɇɟɠɿ ɪɨɛɨɱɨʀ ɡɨɧɢ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ 

ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ ɜɢɡɧɚɱɚɬɢɦɭɬɶɫɹ ɬɚɤɢɦɢ 

ɡɚɥɟɠɧɨɫɬɹɦɢ 
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2
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2 2
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                

 (4) 

 

ɞɟ min  ɬɚ max  – ɝɪɚɧɢɱɧɿ ɡɧɚɱɟɧɧɹ ɤɭɬɚ  . 

 

ȼɡɹɜɲɢ, ɳɨ 3 constq  , ɬɨɞɿ 
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Ɋɨɡɝɥɹɧɭɬɨ ɥɿɧɿɣɧɟ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚɠɨɡɚ-
ɯɨɩɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭɥɹɬɨɪɚ, ɞɟ 
ɡɚɥɟɠɧɿɫɬɶ ɦɿɠ ɤɨɨɪɞɢɧɚɬɚɦɢ ɩɨɥɨɠɟɧɧɹ 
ɜɚɧɬɚɠɭ ɜɢɡɧɚɱɚєɬɶɫɹ  
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kn

knkk

knkk
knkk y

xx

yy
xxy 

 )( ,      (7) 

 

ɞɟ knx , kny , kkx , kky  – ɤɨɨɪɞɢɧɚɬɢ ɩɨɱɚɬɤɨ-

ɜɨɝɨ ɬɚ ɤɿɧɰɟɜɨɝɨ ɩɨɥɨɠɟɧɶ ɜɚɧɬɚɠɨɡɚɯɨɩ-

ɥɸɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭɥɹɬɨɪɚ. 
 

Ⱦɨɫɥɿɞɠɟɧɨ ɝɟɨɦɟɬɪɿɸ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫ-
ɬɟɦɢ ɡ ɩɚɪɚɦɟɬɪɚɦɢ 1l = 2 ɦ, 2l = 1 ɦ, 3q = 0 ɦ 

ɬɚ ɜɫɬɚɧɨɜɥɟɧɨ ɯɚɪɚɤɬɟɪ ɡɦɿɧɢ ɭɡɚɝɚɥɶɧɟɧɢɯ 

ɤɨɨɪɞɢɧɚɬ 
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  (8)  
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arccos( 22

kk yx  .      (9) 

 

ɉɿɞɫɬɚɜɥɹɸɱɢ ɜɢɪɚɡ (7) ɭ ɡɚɥɟɠɧɨɫɬɿ (8) ɬɚ 
(9), ɜɢɡɧɚɱɟɧɨ ɯɚɪɚɤɬɟɪ ɡɦɿɧɢ ɤɨɨɪɞɢɧɚɬ   

ɬɚ  . ɇɚ ɪɢɫ. 4 ɧɚɜɟɞɟɧɨ ɝɪɚɮɿɤɢ ɡɦɿɧɢ ɭɡɚ-
ɝɚɥɶɧɟɧɢɯ ɤɭɬɨɜɢɯ ɤɨɨɪɞɢɧɚɬ ɩɪɢ ɩɪɹɦɨɥɿ-
ɧɿɣɧɨɦɭ ɩɟɪɟɦɿɳɟɧɧɿ ɜɚɧɬɚɠɨɡɚɯɨɩɥɸɜɚɥɶ-
ɧɨɝɨ ɩɪɢɫɬɪɨɸ ɦɚɧɿɩɭɥɹɬɨɪɚ ɡ ɩɨɥɨɠɟɧɧɹ 

knx = 1,1 ɦ, kny = 0 ɦ, kkx = 2 ɦ, kky =1 ɦ. 

  

 
ɚ 

 
ɛ 

Ɋɢɫ. 4. ɏɚɪɚɤɬɟɪ ɡɦɿɧɢ ɝɟɨɦɟɬɪɿʀ ɦɚɧɿɩɭɥɹɬɨ-
ɪɚ ɡɚ ɩɪɹɦɨɥɿɧɿɣɧɨɝɨ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧ-

ɬɚɠɭ ɜ ɦɟɠɚɯ ɣɨɝɨ ɪɨɛɨɱɨʀ ɡɨɧɢ: ɚ – ɯɚ-
ɪɚɤɬɟɪ ɡɦɿɧɢ ɝɟɨɦɟɬɪɢɱɧɨʀ ɤɨɧɮɿɝɭɪɚɰɿʀ 
ɦɚɧɿɩɭɥɹɬɨɪɚ; ɛ – ɝɪɚɮɿɤɢ ɡɦɿɧɢ ɭɡɚ-
ɝɚɥɶɧɟɧɢɯ ɤɨɨɪɞɢɧɚɬ 

Ɋɨɡɝɥɹɧɭɬɨ ɪɟɠɢɦ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚɠɭ  
ɦɚɧɿɩɭɥɹɰɿɣɧɨɸ ɫɢɫɬɟɦɨɸ ɩɪɢ ɪɨɡɝɨɧɿ ɬɚ 
ɝɚɥɶɦɭɜɚɧɧɿ ɡ ɩɨɫɬɿɣɧɢɦ ɩɪɢɫɤɨɪɟɧɧɹɦ. Ʉɿ-
ɧɟɦɚɬɢɤɚ ɜɚɧɬɚɠɭ ɜ ɬɚɤɨɦɭ ɜɢɩɚɞɤɭ ɨɩɢɫɭɜɚ-
ɬɢɦɟɬɶɫɹ ɬɚɤɢɦɢ ɡɚɥɟɠɧɨɫɬɹɦɢ 
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(10) 

 

ɞɟ k – ɲɜɢɞɤɿɫɬɶ ɜɚɧɬɚɠɭ; 0  – ɩɨɱɚɬɤɨɜɚ 
ɬɚ ɤɿɧɰɟɜɚ ɲɜɢɞɤɨɫɬɿ ɜɚɧɬɚɠɭ (ɜɿɡɶɦɟɦɨ 

0 =0); max – ɦɚɤɫɢɦɚɥɶɧɚ ɲɜɢɞɤɿɫɬɶ ɜɚɧɬɚ-
ɠɭ; ɩt  1t – 0t  – ɩɪɨɦɿɠɨɤ ɱɚɫɭ ɩɭɫɤɭ; 

ɝ 3 2t t t  – ɩɪɨɦɿɠɨɤ ɱɚɫɭ ɝɚɥɶɦɭɜɚɧɧɹ. 
 

Ƚɪɚɮɿɱɧɟ ɩɨɞɚɧɧɹ ɞɚɧɨɝɨ ɪɟɠɢɦɭ ɪɭɯɭ ɡɨ-
ɛɪɚɠɟɧɨ ɧɚ ɪɢɫ. 5. 

 

 
 

Ɋɢɫ. 5. Ƚɪɚɮɿɤ ɡɦɿɧɢ ɲɜɢɞɤɨɫɬɿ ɜɚɧɬɚɠɭ 
 

ɉɪɨɞɢɮɟɪɟɧɰɿɸɜɚɜɲɢ ɜɢɪɚɡ (7) ɡɚ ɱɚɫɨɦ, 

ɨɬɪɢɦɚɧɨ 
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ȼɢɯɨɞɹɱɢ ɡ ɭɦɨɜɢ, ɳɨ 22
kkk yx   , ɦɚєɦɨ 
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əɤɳɨ ɭ ɜɢɪɚɡ (12) ɡɚɦɿɫɬɶ k  ɩɿɞɫɬɚɜɢɬɢ ɡɚ-
ɥɟɠɧɨɫɬɿ (10), ɚ ɨɬɪɢɦɚɧɢɣ ɪɟɡɭɥɶɬɚɬ ɩɪɨɿɧ-

ɬɟɝɪɭɜɚɬɢ, ɬɨ ɡɚ ɜɡɹɬɢɯ ɩɨɱɚɬɤɨɜɢɯ ɬɚ ɤɿɧɰɟ-
ɜɢɯ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜ ɨɬɪɢɦɚɧɨ ɮɭɧɤɰɿʀ, ɳɨ 
ɜɿɞɨɛɪɚɠɚɸɬɶ ɡɦɿɧɭ ɤɨɨɪɞɢɧɚɬ ɩɟɪɟɦɿɳɟɧɧɹ 
ɜɚɧɬɚɠɭ  ɡɚɥɟɠɧɨ ɜɿɞ ɱɚɫɭ ɪɭɯɭ 

, , ɝɪɚɞ 
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 (15) 

 

ɞɟ knkkk yyy  , knkkk xxx  . 

 

Ɇɚɤɫɢɦɚɥɶɧɚ ɲɜɢɞɤɿɫɬɶ ɩɟɪɟɦɿɳɟɧɧɹ ɪɨɛɨ-
ɱɨɝɨ ɨɪɝɚɧɚ ɦɚɧɿɩɭɥɹɬɨɪɚ (ɜɚɧɬɚɠɨɡɚɯɨɩɥɸ-

ɜɚɥɶɧɨɝɨ ɩɪɢɫɬɪɨɸ) ɛɭɞɟ 
 

213

max

2

ttt

S

 ,  (16) 

 

ɞɟ 22 )()( knkkknkk yyxxS  – ɜɟɥɢɱɢɧɚ 
ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚɠɭ. 

 

ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɜɢɪɚɡɢ (7), (12)–(15), ɩɨɛɭ-

ɞɨɜɚɧɨ ɝɪɚɮɿɱɧɿ ɡɚɥɟɠɧɨɫɬɿ ɡɦɿɧɢ ɩɨɥɨɠɟɧɧɹ 
ɤɨɨɪɞɢɧɚɬ ɿ ɲɜɢɞɤɨɫɬɿ ɜɚɧɬɚɠɭ ɡɚɥɟɠɧɨ ɜɿɞ 

ɱɚɫɭ ɩɟɪɟɦɿɳɟɧɧɹ (ɪɢɫ. 6 ɬɚ 7). Ɂɚ ɨɬɪɢɦɚɧɢ-

ɦɢ ɡɚɥɟɠɧɨɫɬɹɦɢ (8) ɬɚ (9) ɞɨɫɥɿɞɠɟɧɨ ɤɿɧɟ-
ɦɚɬɢɤɭ ɪɭɯɭ ɦɚɧɿɩɭɥɹɬɨɪɚ, ɡɨɤɪɟɦɚ ɜɢɡɧɚɱɟ-
ɧɨ ɲɜɢɞɤɨɫɬɿ ɡɦɿɧɢ ɭɡɚɝɚɥɶɧɟɧɢɯ ɤɨɨɪɞɢɧɚɬ   ɬɚ   (ɪɢɫ. 8–10). ɉɪɢ ɞɨɫɥɿɞɠɟɧɧɹɯ ɛɭɥɨ 
ɜɡɹɬɨ ɱɚɫ ɧɚ ɩɭɫɤ ɬɚ ɝɚɥɶɦɭɜɚɧɧɹ ɩt  ɝt  1 ɫ, 
ɚ ɱɚɫ ɩɨɜɧɨɝɨ ɜɢɛɿɝɭ 3t 6 ɫ. 
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Ɋɢɫ. 6. Ƚɪɚɮɿɤɢ ɡɦɿɧɢ ɤɨɨɪɞɢɧɚɬ ɜɚɧɬɚɠɭ ɡɚ-
ɥɟɠɧɨ ɜɿɞ ɡɦɿɧɢ ɱɚɫɭ ɩɪɢ ɩɨɜɧɨɦɭ ɜɢɛɿ-
ɝɭ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ  
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Ɋɢɫ. 7. Ƚɪɚɮɿɤɢ ɡɦɿɧɢ ɲɜɢɞɤɨɫɬɿ ɜɚɧɬɚɠɭ ɩɪɢ 

ɩɨɜɧɨɦɭ ɜɢɛɿɝɭ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ  
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Ɋɢɫ. 8. Ʉɿɧɟɦɚɬɢɤɚ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɧɚ ɞɿɥɹɧɰɿ ɩɭɫɤɭ 
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Ɋɢɫ. 9. Ʉɿɧɟɦɚɬɢɤɚ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɧɚ ɞɿɥɹɧɰɿ ɫɬɚɥɨɝɨ ɪɭɯɭ 
 



ВеȟȠник ХНАДУ, вып. 65–66, 2014 

 
96 

 
ɚ 
 

 
ɛ 
 

 
ɜ 
 

 
ɝ 

 

Ɋɢɫ. 10. Ʉɿɧɟɦɚɬɢɤɚ ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦ 

ɧɚ ɞɿɥɹɧɰɿ ɝɚɥɶɦɭɜɚɧɧɹ 
 

ɍ ɩɪɨɰɟɫɿ ɞɨɫɥɿɞɠɟɧɧɹ ɛɭɥɢ ɜɫɬɚɧɨɜɥɟɧɿ ɜɟ-
ɥɢɱɢɧɢ ɦɚɤɫɢɦɚɥɶɧɢɯ ɤɭɬɨɜɢɯ ɩɪɢɫɤɨɪɟɧɶ 
ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ, ɡɨɤɪɟɦɚ ɜɢɡɧɚɱɟɧɨ: 
 0,41ɦ/ɫ2,  0,309 ɦ/ɫ2. Ɍɚɤɿ ɦɚɤɫɢɦɭɦɢ 

ɩɪɢɫɤɨɪɟɧɧɹ ɜɢɧɢɤɚɸɬɶ ɧɚ ɞɿɥɹɧɰɿ ɩɭɫɤɭ ɜ 
ɦɨɦɟɧɬ ɩɨɱɚɬɤɭ ɪɭɯɭ. 

 

 

 

ɍ ɩɪɨɰɟɫɿ ɤɿɧɟɦɚɬɢɱɧɨɝɨ ɚɧɚɥɿɡɭ ɦɚɧɿɩɭɥɹ-
ɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ ɡ ɞɜɨɦɚ 
ɤɭɬɨɜɢɦɢ ɭɡɚɝɚɥɶɧɟɧɢɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ 

ɜɫɬɚɧɨɜɥɟɧɨ ɯɚɪɚɤɬɟɪ ɡɦɿɧɢ ɭɡɚɝɚɥɶɧɟɧɢɯ 

ɤɨɨɪɞɢɧɚɬ ɦɚɧɿɩɭɥɹɬɨɪɚ ɡɚɥɟɠɧɨ ɜɿɞ ɩɨɥɨ-
ɠɟɧɧɹ ɜɚɧɬɚɠɭ. Ȼɭɥɨ ɞɨɫɥɿɞɠɟɧɨ ɪɨɛɨɱɿ ɡɨɧɢ 

ɦɚɧɿɩɭɥɹɰɿɣɧɨʀ ɫɢɫɬɟɦɢ ɛɭɞɿɜɟɥɶɧɨɝɨ ɪɨɛɨɬɚ.  
 

Ɉɬɪɢɦɚɧɿ ɜ ɪɟɡɭɥɶɬɚɬɿ ɞɨɫɥɿɞɠɟɧɧɹ ɫɩɿɜɜɿɞ-

ɧɨɲɟɧɧɹ ɞɚɸɬɶ ɦɨɠɥɢɜɿɫɬɶ ɨɰɿɧɢɬɢ ɤɿɧɟɦɚ-
ɬɢɤɭ ɡɦɿɧɢ ɪɭɯɭ ɜɚɧɬɚɠɭ, ɚ ɬɚɤɨɠ ɫɢɧɬɟɡɭɜɚ-
ɬɢ ɩɪɨɝɪɚɦɧɿ ɩɟɪɟɦɿɳɟɧɧɹ ɜɚɧɬɚɠɭ ɜ 
ɩɥɨɳɢɧɿ ɡɦɿɧɢ ɣɨɝɨ ɜɢɥɶɨɬɭ.  

 

Ⱦɥɹ ɩɨɞɚɥɶɲɢɯ ɞɨɫɥɿɞɠɟɧɶ ɧɟɨɛɯɿɞɧɨ ɪɨɡ-
ɝɥɹɧɭɬɢ ɞɢɧɚɦɿɤɭ ɪɨɛɨɬɢ ɩɨɞɿɛɧɨʀ ɫɢɫɬɟɦɢ ɬɚ 
ɪɨɡɪɨɛɢɬɢ ɚɥɝɨɪɢɬɦ ɤɟɪɭɜɚɧɧɹ. 
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